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of A and B, where H is any domain of rationality in which both A and B lie. It is also to be understood that a matrix of rank r has no potent or maximum divisor of any order greater than r and no potent or maximum factor of any order greater than r, and that a rnatiix of rank 0 has no potent or maximum divisor and no potent or maximum factor. Further in (a), (b), (c), (d) it is to be understood that a repeated potent or maximum divisor and a repeated potent or maximum factor is repeated the same number of times in each of the two matrices
If A and B have the same potent (or maximum) factors of all orders, they have the same number of potent (or maximum) factors, i.e. they have the same rank. Consequently the conditions (e) and (/) are equivalent to the conditions (6) and (d) respectively, and we only have to prove the mutual equivalence of the conditions (a), (b), (c), (d).
When A and B have the same rank r and the same potent divisors, they have the same potent divisors of all orders. For if
are their common potent divisors corresponding to the irresoluble (or irreducible) divisor t and arranged in such an order that
where ea > 0, then t6* is necessarily a potent divisor of order i for both matrices. Consequently t has the same potent and maximum indices of orders 1, 2, . .. r for both the matrices A and B; and A and B have the same maximum divisors, the same potent factors and the same maximum factors of all orders. Hence when the conditions (a) are satisfied, the conditions (a), (b), (c), (d) are all satisfied
Again when A and B have the same rank and the same potent factors, they have the same potent factors of all orders. For if
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are their common potent factors arranged in such an order that each of them after the first is divisible by the preceding, then Et is necessarily the potent factor of order i of both matrices, and the matrices A and B have the same maximum factors, and the same maximum divisors and the same potent divisors of all orders. Hence when the conditions (6) are satisfied, the conditions (a), (b), (c), (d) are all satisfied.
Reasoning in a similar way from the conditions (c) and (d), we see that if any one of the four sets of conditions (a), (b), (c), (d) is satisfied, then they are all satisfied Consequently the conditions (a), (b), (c), (d) are mutually equivalent. We shall usually regard (a) as the fundamental definition of equipotence.